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Abstract. A signed Roman dominating function (simply, a “SRDF”) on a graph G = (V,E) is a
function f : V (G) → {−1, 1, 2} satisfying the conditions that (i) the sum of its function values over
any closed neighborhood is at least one and (ii) each vertex x for which f(x) = −1 is adjacent to at
least one vertex y for which f(v) = 2. The weight of a SRDF is the sum of its function values over all
vertices. The signed Roman domination number of G, denoted by γ
sR
(G), is the minimum weight of a
SRDF on G. In this paper we study the signed Roman domination number of the join of graphs. We
determine it for the join of cycles, wheels, fans, and friendship graphs.
1. Introduction
Throughout this paper we consider (non trivial) simple graphs, that are finite and undirected graphs
without loops or multiple edges. Let G = (V (G), E(G)) be a connected graph of order n = |V (G)|
and of size m = |E(G)|. When x is a vertex of G, then the open neighborhood of x in G is the set
N
G
(x) = {y : xy ∈ E(G)} and the closed neighborhood of x in G is the set N
G
[x] = N
G
(x)∪{x}. The
degree of vertex x is the number of edges adjacent to x and is denoted by degG(x) . The minimum
degree and the maximum degree of G are denoted by ∆(G) and δ(G), respectively.
A set D ⊆ V (G) is called a dominating set of G if each vertex outside D has at least one neighbor
in D. The minimum cardinality of a dominating set of G is the domination number of G and is
denoted by γ(G). For example, the domination numbers of the n-vertex complete graph, path, and
cycle are given by γ(Kn) = 1, γ(Pn) = ⌈
n
3 ⌉ and γ(Cn) = ⌈
n
3 ⌉, respectively [5]. Domination is a rapidly
developing area of research in graph theory, and its various applications to ad hoc networks, distributed
computing, social networks, biological networks and web graphs partly explain the increased interest.
The concept of domination has existed and studied for a long time and early discussions on the topic
can be found in the works of Berge [2] and Ore [7]. At present, domination is considered to be one
of the fundamental concepts in graph theory with an extensive research activity. Garey and Johnson
[4] have shown that determining the domination number of an arbitrary graph is an NP-complete
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problem. The domination number can be defined equivalently by means of a function, which can be
considered as a characteristic function of a dominating set, see [5]. A function f : V (G) → {0, 1}
is called a dominating function on G if for each vertex x ∈ V (G),
∑
y∈NG[x]
f(y) ≥ 1. The value
w(f) =
∑
x∈V (G) f(x) is called the weight of f . Now, the domination number of G can be defined as
γ(G) = min{w(f) : f is a domination function on G}.
Analogously, a signed domination function of G is a labeling of the vertices of G with +1 and
−1 such that the closed neighborhood of each vertex contains more +1’s than −1’s. The signed
domination number of G is the minimum value of the sum of vertex labels, taken over all signed
domination functions of G. This concept is closely related to combinatorial discrepancy theory as
shown by Fu¨redi and Mubayi in [3]. In general, many domination parameters are defined by combining
domination with other graph theoretical properties.
Definition 1.1. [1] Let G = (V,E) be a graph. A signed Roman domination function (simply,
a “SRDF”) on the graph G is a function f : V → {−1, 1, 2} which satisfies two following conditions:
(a) For each x ∈ V ,
∑
y∈NG[x]
f(y) ≥ 1,
(b) Each vertex x for which f(x) = −1 is adjacent to at least one vertex y for which f(y) = 2.
The value f(V ) =
∑
x∈V f(x) is called the weight of the function f and is denoted by w(f). The
signed Roman domination number of G, γ
sR
(G), is the minimum weight of a SRDF on G.
These concepts are introduced by Ahangar et al. in [1]. They described the usefulness of these
concepts in various applicative areas like “defending the Roman empire” (see [1], [6] and [9] for more
details). It is obvious that for every graph G of order n we have γ
sR
(G) ≤ n, because assigning +1
to each vertex yields a SRDF. In [1] Ahangar et al. present various lower and upper bounds on the
signed Roman domination number of a graph in terms of it’s order, size and vertex degrees. Moreover,
they characterized all graphs which attain these bounds. Also, they investigate the relation between
γ
sR
and some other graphical parameters, and the signed Roman domination number of some special
bipartite graphs. It is proved in [1] that γ
sR
(Kn) = 1 for each n 6= 3, γsR(K3) = 2, γsR(Cn) = ⌈
2n
3 ⌉,
γ
sR
(Pn) = ⌊
2n
3 ⌋, and that the only n-vertex graph G with γsR(G) = n is the empty graph Kn.
Note that each signed Roman domination function f of G is uniquely determined by the ordered
partition (V−1, V1, V2) of V (G), where Vi = {x ∈ V (G) : f(x) = i} for each i ∈ {−1, 1, 2}. Specially,
w(f) = 2|V2|+ |V1| − |V−1|. For convenience, we usually write f = (V−1, V1, V2) and, when S ⊆ V we
denote the summation
∑
x∈S f(x) by f(S). If w(f) = γsR(G), then f is called a γsR(G)-function or
an optimal SRDF on G. Recall that the join of two graphs G1 and G2, denoted by G1 ∨ G2, is a
graph with vertex set V (G1)∪V (G2) and edge set E(G1)∪E(G2)∪{uv : u ∈ V (G1), v ∈ V (G2)}. For
example K1 ∨ Pn is the fan Fn, K1 ∨Cn is the wheel Wn, and the friendship graph Frn, n = 2m+ 1,
is the graph obtained by joining K1 to the m disjoint copies of K2.
In this paper we study the signed Roman domination number of the join of graphs. Specially, we
determine the signed Roman domination number of Cm ∨ Cn, Wn, Fn, and friendship graphs Frn.
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2. Join of graphs
For investigating γ
sR
of the join of graphs, the following lemma is useful.
Lemma 2.1. If G is a graph with ∆(G) = |V (G)| − 1, then γ
sR
(G) ≥ 1.
Proof. Let f be an optimal signed Roman domination function on G and let x ∈ V (G) be a vertex of
maximum degree ∆(G). Since NG(x) = V (G) \ {x} and using the definition of a SRDF , we get
γ
sR
(G) = w(f) =
∑
v∈V (G)
f(v) = f(x) +
∑
v∈NG(x)
f(v) = f(NG[x]) ≥ 1.

Corollary 2.2. For each graph G, γ
sR
(G ∨K1) ≥ 1. Specially, if γsR(G) = 0, then γsR(G ∨K1) = 1.
Proof. The first statement follows directly from Lemma 2.1. Let f be a γsR(G)-function of G. Define
g : V (G∨K1)→ {−1, 1, 2} as g(x) = f(x) when x ∈ V (G), and g(x) = 1 when x ∈ V (K1). Since g is
a SRDF of weight 1 on G∨K1, γsR(G∨K1) ≤ 1. Now Corollary 2.2 implies that γsR(G∨K1) = 1. 
Proposition 2.3. Let G and H be two graphs such that γsR(G) ≥ 0 and γsR(H) ≥ 0. Then,
γ
sR
(G ∨H) ≤ γ
sR
(G) + γ
sR
(H).
Proof. Let f1 be a γsR(G)-function on G and let f2 be a γsR(H)-function on H. Define f : V (G∨H)→
{−1, 1, 2} as f(x) = f1(x) when x ∈ V (G), and f(x) = f2(x) when x ∈ V (H). For each v ∈ V (G),
f(NG∨H [v]) = f(NG[v])+w(f1) ≥ 1. Similarly, for each v ∈ V (H), f(NG∨H [v]) = f(NH [v])+w(f2) ≥
1. Thus, f is a SRDF on G ∨H and γ
sR
(G ∨H) ≤ w(f) = w(f1) + w(f2) = γsR(G) + γsR(H). 
3. Join of cycles
Since ∆(Cm∨Cn) = max{m+2, n+2}, the maximum dergree of Cm∨Cn is m+n−1 if and only if
3 ∈ {m,n}. Hence, for m ≥ 4 and n ≥ 4 the graph Cm ∨Cn has no vertex of degree |V (Cm ∨Cn)|− 1.
Proposition 3.1. If n is a multiple of 3, Then γ
sR
(C3 ∨ Cn) = 1.
Proof. Let V (C3) = {x1, x2, x3} and V (Cn) = {y1, y2, ..., yn} which are arranged consecutively on a
circle, respectively. Define f : V (C3 ∨ Cn) → {−1, 1, 2} as f(x1) = f(x2) = 1, f(x3) = −1 and
f(yj) = 2 when i ≡ 1 (mod 3), and f(yj) = −1 otherwise. Note that f(V (C3)) = 1 and f(V (Cn)) = 0.
It is easy to check that f is a SRDF (of weight 1) on C3∨Cn. Now Lemma 2.1 completes the proof. 
The following theorem considers more general cases.
Theorem 3.2. For each pair of positive integers m ≥ 3 and n ≥ 3, we have 1 ≤ γ
sR
(Cm ∨ Cn) ≤ 4.
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Proof. Assume that V (Cm) = {x1, x2, ..., xm} and V (Cn) = {y1, y2, ..., yn} which are arranged consec-
utively on a circle, respectively. Without loss of generality, assume that m is odd and n is even (other
cases are similar). Define two functions fo : V (Cm)→ {−1, 1, 2} and fe : V (Cn)→ {−1, 1, 2} as
fo(xi) =


2 i = 1
−1 i ∈ {2, 4, ..., n − 1}
1 i ∈ {3, 5, ..., n},
fe(yi) =


2 j ∈ {1, 3}
−1 j ∈ {2, 4, ..., n}
1 j ∈ {5, 7, ..., n − 1}.
Now define f : V (Cm ∨ Cn) → {−1, 1, 2} as f(v) = fo(xi) when v = xi, and f(v) = fe(yj) when
v = yj. Note that f(x1) = f(y1) = 2 and each vertex in Cm ∨ Cn is adjacent to x1 or y1. Also,
f(V (Cm)) = f(V (Cn)) = 2 and for each i, j we have fo(NCm [xi]) ≥ −1 and fe(NCn [yj]) ≥ −1. Hence,
f(NCm∨Cn [xi]) = fo(NCm [xi]) + fe(V (Cn)) ≥ −1 + 2 = 1
and
f(NCm∨Cn [yj]) = fe(NCn [yj]) + fo(V (Cm)) ≥ −1 + 2 = 1.
Thus, f is a SRDF on Cm ∨ Cn and w(f) = fo(Cm) + fe(Cn) = 2 + 2 = 4, the upper bound follows.
In order to obtain the lower bound, let g be an optimal SRDF on Cm ∨ Cn. If g(V (Cm)) ≥ 1 and
g(V (Cm)) ≥ 1, then the result follows. Assume that g(V (Cn)) = α ≤ 0. Since g is a SRDF, for each
x ∈ V (Cm) we have g(NCm∨Cn [x]) ≥ 1. This using the fact g(NCm∨Cn [x]) = g(NCm [x]) + g(V (Cn))
implies that g(NCm [x]) ≥ 1− α. Hence,
g(V (Cm)) =
∑
x∈V (Cm)
g(x) =
1
3
∑
x∈V (Cm)
g(NCm [x]) ≥
1
3
∑
x∈V (Cm)
(1− α) ≥
m
3
(1− α).
This implies that
γ
sR
(Cm ∨ Cn) = w(g) = g(V (Cm)) + g(V (Cn)) ≥
m
3
(1− α) + α =
m
3
+ (
m
3
− 1)(−α) ≥ 1.
A similar argument holds for the situation g(V (Cn)) ≤ 0. This completes the proof. 
Lemma 3.3. Let m ≥ 13 and n ≥ 13 be two positive integers. If f is a SRDF on Cm ∨ Cn, then
f(V (Cm)) > 0 and f(V (Cn)) > 0. Specially, γsR(Cm ∨ Cn) ≥ 2.
Proof. Suppose on the contrary that f is a SRDF on Cm ∨ Cn and f(Cn) = α ≤ 0. Since f is
a SRDF, for each x ∈ V (Cm) we have f(NCm∨Cn [x]) ≥ 1. This using the fact f(NCm∨Cn [x]) =
f(NCm [x]) + f(V (Cn)) implies that f(NCm[x]) ≥ |α| + 1. Hence,
f(V (Cm)) =
1
3
∑
x∈V (Cm)
f(NCm [x]) ≥
1
3
∑
x∈V (Cm)
(|α|+ 1) ≥
1
3
m(|α| + 1).
Therefore,
w(f) = f(V (Cm)) + f(V (Cn)) ≥
m
3
(|α| + 1) + α ≥
13
3
(−α+ 1) + α =
−10α
3
+
13
3
> 4.
This contradicts Theorem 3.2. Thus, f(V (Cn)) ≥ 1. Similarly, we can prove that f(V (Cm)) ≥ 1. 
The following corollary is an immidiate consequence of the proof of Lemma 3.3.
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Corollary 3.4. Let m ≥ 13 and n ≥ 13 be two positive integers. If f is an optimal SRDF on Cm∨Cn
such that f(NCm(x)) < 0 for some x ∈ V (Cm), then γsR(Cm ∨ Cn) ≥ 3.
Theorem 3.5. Let m ≥ 13 and n ≥ 13 be two positive integers. If m ≡ 2 (mod 3) and n ≡ 2 (mod 3),
then γ
sR
(Cm ∨ Cn) = 2.
Proof. Define the function f from V (Cm)∪V (Cn) = {x1, ..., xm}∪{y1, ..., yn} to {−1, 1, 2} as follows.
f(xi) =
{
2 i ≡ 1 (mod 3)
−1 o.w.
f(yj) =
{
2 j ≡ 1 (mod 3)
−1 o.w.
Hence, f(V (Cm)) = f(V (Cn)) = 1, f(NCm [xm]) = f(NCn [yn]) = 3 and for each 1 ≤ i < m and each
1 ≤ j < n we have f(NCm [xi]) = f(NCn [yj]) = 0. Thus, f is a SRDF of weight 2. Now Lemma 3.3
completes the proof. 
Lemma 3.6. Let n ≥ 13 be an integer such that n 6≡ 2 (mod 3). If f : V (Cn) → {−1, 1, 2} is a
function for which f(V (Cn)) = 1, then there exists y ∈ V (Cn) such that f(NCn [y]) < 0.
Proof. Since 1 = f(V (Cn)) =
1
3
∑
x∈V (Cn)
f(NCn [x]), the summation
∑
x∈V (Cn)
f(NCn [x]) is equal to
3. Assume on the contrary that f(NCn [y]) ≥ 0 for each y ∈ V (Cn). Thus, one of the following cases
should be happened.
i) There exists y ∈ V (Cn) such that f(NCn [y]) = 3 and f(NCn [y
′]) = 0 for each y′ 6= y.
ii) There exist y, y′ ∈ V (Cn) such that f(NCn [y]) = 2, f(NCn [y
′]) = 1 and f(NCn [y
′′]) = 0 for
each y′′ /∈ {y, y′}.
iii) There exist y, y′, y′′ ∈ V (Cn) such that f(NCn [y]) = f(NCn [y
′]) = f(NCn [y
′′]) = 1 and
f(NCn [y¯]) = 0 for each y¯ /∈ {y, y
′, y′′}.
Claim. There exists no vertex with label 1.
In order to prove this claim, suppose (on the contrary) that f(yj) = 1 for some yj ∈ V (Cn) =
{y1, y2, ..., yn}. We consider the following possibilities for the labels of the neighbours of yj.
1) f(yj−1) = 1 and f(yj+1) = 1:
This implies that f(NCn [yj ]) = 3 and f(NCn [yj−1]) ≥ 1, which contradicts the above three
possible cases (i), (ii) and (iii).
2) f(yj−1) = 2 and f(yj+1) = 2:
This implies that f(NCn [yj]) = 5, which is a contradiction.
3) f(yj−1) = 2 and f(yj+1) = 1:
Hence f(NCn [yj]) = 4, which is a contradiction.
4) f(yj−1) = 2 and f(yj+1) = −1:
This implies that f(NCn [yj]) = 2 and f(NCn [yj−1]) ≥ 2, which is a contradiction.
5) f(yj−1) = −1 and f(yj+1) = −1:
Thus f(NCn [yj]) = −1, which is a contradiction.
6) f(yj−1) = 1 and f(yj+1) = −1:
Since f(NCn [yj+1]) ≥ 0, f(yj+2) ∈ {1, 2}. Since f(NCn [yj]) = 1, f(NCn [yj−1]) ≥ 1 and
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f(NCn [yj+1]) ≥ 1, we should have f(NCn [yj+1]) = 1 and f(yj+2) = 1. Therefore, f(NCn [yj′]) =
0 for each j′ /∈ {j − 1, j, j + 1} and specially f(NCn [yj+2]) = 0, which is impossible.
This completes the proof of the claim. Therefore, the label of each vertex in Cn is −1 or 2. Let t be
the number of vertices whose label is 2. If n = 3k, then 1 = f(V (Cn)) = 2t+ (3k − t)(−1) = 3(t− k),
which is a contradiction (3 is not a divisor of 1). If n = 3k + 1, then 1 = 2t + (3k + 1 − t)(−1) and
hence, 2 = 3(t− k) which is a contradiction. 
Theorem 3.7. Let m ≥ 13 and n ≥ 13 be two integers such that m ≡ 2 (mod 3) and n 6≡ 2 (mod 3).
Then γ
sR
(Cm ∨ Cn) = 3.
Proof. Define the function g on V (Cm) = {x1, ..., xm} as g(xi) = 2 when i ≡ 1 (mod 3), and g(xi) =
−1 otherwise. Thus, g(NCm [xm]) = 3, g(NCm [xi]) = 0 for each i 6= m, and g(V (Cm)) = 1. When
n ≡ 0 (mod 3) (or n ≡ 1 (mod 3)) define the function h1 (or h2) on V (Cn) = {y1, ..., yn} as follows.
h1(yj) =


1 j = n
2 j ≡ 1 (mod 3)
−1 o.w.
, h2(yj) =
{
2 j ≡ 1 (mod 3)
−1 o.w.
Note that h1(V (Cn)) = 2 and h1(NCn [yj ]) ≥ 0 for each j (similarly, h2(V (Cn)) = 2 and h2(NCn [yj]) ≥
0 for each j). Now g using h1 (or h2) induces a labelling on V (Cm ∨ Cn) which is a SRDF of
weight 1+2=3. Hence, γ
sR
(Cm ∨ Cn) ≤ 3. Let f be an optimal SRDF on Cm ∨ Cn. By Lemma 3.3,
f(V (Cm)) ≥ 1 and f(V (Cn)) ≥ 1. If f(V (Cn)) ≥ 2, then we are done. Else f(V (Cn)) = 1 and Lemma
3.6 implies that there exists y ∈ V (Cn) such that f(NCn [y]) ≤ −1. Since f(NCm∨Cn [y]) ≥ 1, we should
have f(V (Cm)) ≥ 2. Thus, w(f) = f(V (Cm)) + f(V (Cn)) ≥ 3, which completes the proof. 
Theorem 3.8. Let m ≥ 13 and n ≥ 13 be two integers such that m 6≡ 2 (mod 3) and n 6≡ 2 (mod 3).
Then γ
sR
(Cm ∨ Cn) = 3.
Proof. Let f be an optimal SRDF on Cm ∨ Cn. By Lemma 3.3, f(V (Cm)) ≥ 1 and f(V (Cn)) ≥ 1.
Lemma 3.6 implies that the case f(V (Cm)) = f(V (Cn)) = 1 is impossible. Thus γsR(Cm ∨ Cn) ≥ 3.
Using h1 or h2 from the proof of Theorem 3.7 we obtain a labeling on V (Cn) with total weight 2. For
the case m ≡ 0 (mod 3) (or m ≡ 1 (mod 3)) define the function g1 (or g2) on V (Cm) as follows.
g1(xi) =


1 i ∈ {m− 2,m− 1}
2 i 6= m− 2, i ≡ 1 (mod 3)
−1 o.w.
, g2(xi) =


1 i = m
2 i 6= m, i ≡ 1 (mod 3)
−1 o.w.
Note that gk(V (Cm)) = 1 and for each 1 ≤ i ≤ m we have gk(NCm(xi)) ≥ −1, k ∈ {1, 2}. Now regards
to the possible cases for m and n, and using one of two functions g1, g2 and one of two functions h1, h2
we obtain a labelling on V (Cm) ∪ V (Cn) which induces a SRDF of weight 3 on Cm ∨ Cn. 
4. Wheels, Fans and Friendship graphs
The following theorem shows that signed Roman domination number of a wheel almost always is 1.
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Theorem 4.1. Let Wn = K1 ∨ Cn be a wheel of order n + 1. Then, γsR(W4) = 2 and γsR(Wn) = 1
for each n 6= 4.
Proof. Let V (Wn) = {v0, v1, v2, ..., vn} and E(Wn) = {v0vi : 1 ≤ i ≤ n}∪{v1v2, v2v3, ..., vn−1vn, vnv1}.
Since ∆(Wn) = |V (Wn)|−1, Lemma 2.1 implies that γsR(Wn) ≥ 1. For the case n = 4 it is not hard to
check by inspection that there exists no signed Roman domination function on W4 of weight 1 while,
Figure 1 (a) illustrates an SRDF on W4 of weight 2. Hence γsR(W4) = 2. To complete the proof it is
sufficient to provide a signed Roman domination function of weight 1 on Wn for each n 6= 4. For this
reason we consider the following different cases.
Case 1. n is odd:
Define the function f : V (Wn) → {−1, 1, 2} as below. Figure 1 (b) illustrate it for the case n = 5
where, the central vertex is v0, top one is v1 and v2 is the second vertex when the sense of traversal
being clockwise.
f(vi) =


2 i = 0
−1 i ≡ 1 (mod 2)
1 o.w.
(4.1)
Note that f is a SRDF on Wn of weight w(f) = f(NWn [v0]) = 1.
Case 2. n is even and n ≡ 0 (mod 3):
Define the function f : V (Wn)→ {−1, 1, 2} as below. Figure 2 (a) depicts it for the case n = 12.
f(vi) =


1 i = 0
2 i ≥ 1, i ≡ 0 (mod 3)
−1 o.w.
(4.2)
It is straightforward to check that f is a SRDF on Wn of weight 1.
Case 3. n is even and n ≡ 1 (mod 3).
Define the function f on V (Wn) as follows. Figure 2 (b) illustrates it for the case n = 10.
f(vi) =


2 i = 0
2 1 ≤ i ≤ n− 7, i ≡ 0 (mod 3)
1 i ∈ {n− 4, n− 1, n}
−1 o.w.
(4.3)
It is not hard to check that f is a SRDF on Wn and w(f) = 1.
Case 4. n is even and n ≡ 2 (mod 3).
Define the function f on V (Wn) as follow. Figure 2 (b) depicts it for the case n = 8.
f(vi) =


2 i = 0
2 1 ≤ i ≤ n− 5, i ≡ 0 (mod 3)
1 i ∈ {n− 2, n}
−1 o.w.
(4.4)
It is easy to check that f is a SRDF on Wn and it’s weight is one.
Therefore, in each case we provide a SRDF on Wn of weight one. This completes the proof. 
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1
−1
1
−1
2
(a)
−1
1
−11
−1
2
(b)
Figure 1. Signed Roman domination labeling on W4 and W5.
−1
−1
2
−1
−1
2
−1
−1
2
−1
−1
2
1
(a)
−1
−1
2
−1
−1
1−1
−1
1
1
2
(b)
−1
−1
2
−1
−1
1−1
1
2
(c)
Figure 2. Signed Roman domination labeling of W12, W10 and W8.
−1 1
2
(a)
−1 1 −1 1
2
(b)
−1 1 −1 1 −1
2
(c)
Figure 3. Signed Roman domination labeling on F2, F4 and F5, respectively.
−1
−1
2
−1
−1
2
−1
−1
2
−1
−1
2
1
(a)
−1
−1
2
−1
−1
1−1
−1
1
1
2
(b)
−1
−1
2
−1
−1
1−1
1
2
(c)
Figure 4. Signed Roman domination labeling on F12, F10 and F8, respectively.
Structures of Fn and Wn are similar. This similarity helps us to provide signed Roman domination
functions on Fn using what we construct for Wn.
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Theorem 4.2. Let Fn = K1 ∨ Pn be a fan of order n+ 1. Then
γ
sR
(Fn) =
{
2 n ∈ {2, 4}
1 n /∈ {2, 4}.
Proof. Let V (Fn) = {v0, v1, v2, ..., vn} and E(Fn) = {v0vi : 1 ≤ i ≤ n}∪{v1v2, v2v3, ..., vn−1vn}. Since
∆(Fn) = |V (Fn)| − 1, Lemma 2.1 implies that γsR(Fn) ≥ 1. F2 is a complete graph with tree vertices
and hence γ
sR
(F2) = γsR(K3) = 2. For the case n = 4 it is not hard to check by inspection that
there exists no signed Roman domination function on F4 of weight 1. Figure 3 (a) and (b) illustrate
a SRDF of weight 2 on F2 and F4, respectively. Thus, for n ∈ {2, 4} we have γsR(Fn) = 2.
To complete the proof it is sufficient to provide a signed Roman domination function of weight 1
on Fn for each n /∈ {2, 4}. Regards to the different possible cases for n like cases 1 to 4, consider the
functions which are defined in the equations 4.1, 4.2, 4.3, and 4.4. For instance, an optimal SRDF on
F5 is depicted in Figure 3 (c), where the top vertex is v0 and its below lef one is v1. Also, optimal
SRDF’s on F12, F10 and F8 are illustrated in Figure 4 (a), (b) and (c), respectively (where the central
vertex is v0 and the top one is v1). 
Theorem 4.3. Let m ≥ 2 be an integer and n = 2m+1. Then, the signed Roman domination number
of the Friendship graph Frn = K1 ∨ (mK2) is given by γsR(Frn) = 2.
Proof. Lett V (Frn) = {x} ∪ {yi, zi : 1 ≤ i ≤ m} and E(Frn) = {xyi, xzi : 1 ≤ i ≤ m} ∪ {yizi : 1 ≤
i ≤ m}. Since ∆(Frn) = |V (Frn)| − 1, Lemma 2.1 implies that γsR(Frn) ≥ 1. Consider the function
g defined from V (Frn) to the set {−1, 1, 2} as follows.
g(v) =


2 v = x
1 v ∈ {y1, y2, ..., ym}
−1 v ∈ {z1, z2, ..., zm}.
Since g is a SRDF on Frn, we get γsR(Frn) ≤ 2. Now let f = (V−1, V1, V2) be a optimal signed
Roman domination function on Frn. If V−1 = ∅, then w(f) ≥ n ≥ 5, a contradiction. Hence |V−1| ≥ 1
and this implies that |V2| ≥ 1. If f(yi) = f(zi) = −1 for some i, then f(NFrn [yi]) ≤ 0, which is
a contradiction. Thus, for each i ∈ {1, 2, ...,m} we have |V−1 ∩ {yi, zi}| ≤ 1 and this implies that
|V−1| ≤ m + 1. If |V−1| = m + 1, then |V−1 ∩ {yi, zi}| = 1 for each i ∈ {1, 2, ...,m}, and x ∈ V−1.
Hence, f(NFrn[y1]) = f(y1) + f(z1) + f(x) ≤ 0 which is a contradiction. Therefore, |V−1| ≤ m and
γ
sR
(Frn) = w(f) = 2|V2|+ |V1| − |V−1| ≥ 2× 1 +m× 1 +m× (−1) = 2.
This completes the proof. 
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